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Abstract

The notion of well-posednes of a fixed point problem has generated much interest to a several
mathematicians, for examples, F.S. De Blassi and J. Myjak (1989), S. Reich and A. J. Zaslavski (2001), B.
K. Lahiri and P. Das (2005). Also, in 2003, V. Popa introduced some fixed point theorems for mappings
satisfying a new type of implicit relation. The purpose of this paper is to prove for mappings satisfying a
new type of implicit relation in a compact metric space, that fixed point problem is well-posed.
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Introduction
The notion of well posedness of a fixed point problem has generated much interest to a several
mathematicians, for examples [2, 4, 8].

Definition 1. Let (X,d) be a metric space and f:(X,d) — (X,d)a mapping. The fixed point
problem of f is said to be well posed if:

o fhas a uniquefixed point x in X;
o for any sequence {x,} € X :lim,,_,o, d(x,, fx,) = 0 we have lim ,,_,, d(x,,, x5) = 0.

The notion of contractive mapping has been introduced by Banach in [1]. In the last thirty years
there have appeared different types of generalizations of this concept.

The connection between them has been studied in different papers [3, 5, 9, 12].

Let (X, d) be a metric space and T: (X,d) — (X, d) be a mapping. In essence, T is a generalized
contraction if a inequality of type

d(Tx,Ty) < f(d(x,y),d(x, Tx),d(y, Ty),d(x, Ty,d(y, Tx))) €))

holds for x,y € X, where f:R’—R satisfies some properties or has a special form. In [6], the
author established a class of mappings f: RS —R such that fulfillment of the inequality of type

F(d(Tx,Ty),d(x,y),d(x,Tx),d(y,Ty),d(x,Ty),d(y,Ty) <0 2
for x,y € X ensures the existence and uniqueness of a fixed point for 7.

Recently [7], the present author established two classes of mappings F,G:R% — R such that the
fulfillment of the inequality of type
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F(d(Tx,Ty),d(x,y),d(x,Tx),d(y,Ty),d(y,TZ),d(y,Tx)) < 0 3
or G(d(Tx,Ty),d(x,y),d(x,Tx),d(y, Ty), d(x, T;) d(x,Ty) <0forx,y €X 4)

ensures the existence and uniqueness of a fixed point for 7.

The purpose of this paper is to introduced a new class of mappings F,G:R% — R such that the
fulfillment of the inequality of type

F(d(Tx,Ty),d(x,y),d(x,Tx),d(y, Ty),d(y, T2),d(Tx,T?)) < 0 for x,y € X, (5)

ensures the existence and uniqueness of a fixed point of 7 and to prove for mappings T
satisfying an implicit relation of type (5) in a compact metric space that the fixed point problem
is a well-posed.

Implicit Relations

Let F(ty,ty, ..., ts): RS = R be a continuous mapping. We define the following properties:
(Fi): Foreveryu = 0,v > 0,F(u,v,v,u,u,u) < 01 implies u < v,
(Fu): F(t,¢0,0,¢0) > 0,vt > 0,

(Fp): There exists p € (0,1) such that for every u=0, v> 0,w = 0 with F(u,v,0,w,v,0) <0
we have u < pmax{v, w}.

Examplel. F(tl, tz, ""tﬁ) = tl - a1t2 - a2t3 - a3t4 - a4t5 - a5t6, 5
where a; > 0,a,,...,as =2 0and 0 < a; +a, +--+as < 1.

(F):Letu=0,v>0and F(u,v,v,u,u, ) = U — a1V — AV — AzU — a,u — asu < 0.
a1+a2
1-(az+as+as)

(F.): F(t,t,0,0,t,0) =t(1 —a; —ay,) >0, vt > 0.

Then u < v<ou.

(Fp)):Let u=0,v>0,w=0 and F(u,v,0,w,v,0) =u—a;v — azw — a,v < 0.

Then u < ayv+azw+ a,v < (a; + az + ay)max{v, w}.Therefore, u < pmax{v, w},where
O<p=a,+az+a,<1.

Example 2. F(t,t,, ..., tg) = t; — cmax {tz, t3, ty, %}, where 0 < ¢ < 1.

(F): Let u=0,v>0 and F(u,v,v,u,u,u) =u—cmax{u,v} <0 .If u >0 and u > v then
u(1 —c¢) < 0, acontradiction. Hence u < v. If u = 0 thenu < v.

(Fy): F(t,t,0,0,t,0) =t(1—c) > 0,vt > 0.

(Fp): Let F(u,v,w,v,0) =u—cmax{v,w} <0, which implies u < pmax{v,w}, where
O0<p—-c<L

Example 3. F(tyty .., t) = t3 —atit, — bt ts —ct, t3 t, — dtity where a,b,c,d >0
and a+b+c+d<1.

(F): Let u>0,v>and F(u,v,v,u,u,u) =ud—a?v — buv? — cv?u — du® < 0, which
implies u?(1 —d) —auv—v?(b+¢) <0, then f(t) = (b + c)t?> + at — (1 — d) < 0, where
t==<. Since f(1)=(a+b+c+d)+1<0, let r> 1be the root of equation f(t) = 0.

u

Then f(t) > 0 for t > 0, which implies u < %V <.

If u=0,thenu < v.



Well Posedness of Fixed Point Problem in Compact Metric Spaces 3

(Fo): F(t,t,0,0,t,0) =t(1—a—b) > 0,Vt > 0.
(Fp): Letu > 0,v > 0,w > 0 and F(u,v,0,w,v,0) = u® — au?v — buv? < 0, which implies
f(t) =bt? +at—1> 0, where t=§. Since f(1) =a+b—1<0, let r = 1 be the root of

equation f(t) = 0. Then f(t) > Of for t > r, which implies u < pv < p max{v,w}, where
p= % < 1. Ifu = 0 then u < p max{v, w}.

btste
1+t +t,

Exemple 4. F(t;,t,, ..., tg) = t3 —at3 — ,where a,b > 0anda + b < 1.

2

(F):Letu = 0,v>0and F(u,v,v,u,u,u) = u? —av?—»b
1+u+v

Then u? — av? — bu? < 0, which implies u < ﬁv <.
(F.): F(t,t,0,0,t,0) =t?(1 —a) > 0, vVt > 0.

(Fp): Letu>0,v>0,w=>0 and F(u,v,0,w,v,0) = u? — av? < 0, which implies u < va
v < p max {v,w}, where p =+va < 1.

Example 5. F(ty,ty,..,tg) =t —t; (at, + bty + ct,) —dts tg , where a > 0,b,c,d > 0

anda+b+c+d<1.

(F): Let u>0,v>0 and F(u,v,v,u,u,u) =u? —u(av + bv + cu) —dv? < 0. Then
a+b

u<——<v.lfu=0,thenu < v.
1-c—d

(F,): F(t,t,0,0,t,0) = t?(1 —a) > 0,Vt > 0.
(Fp):Letu>0,v>0,w=>=0and F(u,v,0,w,v,0) = u? —u(av + cw) < 0.

Then u < av + cw < (a + ¢) max{v, w}. Hence u < pmax{v,w}, where 0 <p=a+c<1.
Ifu = 0, then u < p max{v,w}.

Main Results

Theorem 1. Let (X,d) be a metric space and T:(X,d) — (X,d)be a mapping satisfying
inequality (5) for every x # y, where F satisfies the condition (¥,). Then T has at most one
fixed point.

Proof. Suppose that T have two fixed points, u and v with u#v. Then, by inequality (5) we have
F(d(Tu, Tv),d(u,v),d(u, Tu),d(v, Tv),d(v, T?u), d(Tu,TZu)) <0,
F(d(u,v),d(u,v),0,0,d(u,v),0) <O0.

A contradiction of (£).

Theorem 2. Let T be a continuous mapping of the compact metric space (X, d) into itself such
that the inequality (5) holds for every x # y, where F satisfies the condition (F;) and (£,). Then
T has a unique fixed point.

Proof. Let f(x) = d(x,Tx) for all x € X. Since T is continuous, f'is continuous. There exists a
point z € Z such that f(z) = inf {Tx: x € X}. Suppose that z # Tz. Then by inequality (5) for
x =z and y = Tz we obtain

F(d(Tz T?z),d(z,Tz),d(z,Tz),d(Tz,T?z2),d(Tz,T?z),d(Tz,T?z)) < 0,

which implies by (F)) that d(Tz,T?z) < d(Tz,z) = inf{d(x,Tx):x € X}, a contradiction.
Hence z = Tz. By Theorem 1, z is the unique fixed point of T.
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Remark 1. From examples 1-5 we obtain five fixed point theorems.

Theorem 3. Let 7 be a continuous mapping of the compact metric space (X, d) into itself such
that the inequality (5) holds for every x # y, where T satisfies the properties (F;), (F,) and (F)).
Then the fixed point problem of T is well-posed.

Proof. By Theorem 2, T has a unique fixed point x,, i.e. x, = Tx,. Let {x,} be a sequence in X
such that d(x,, Tx,)— 0 as n— oo. Then by inequality (3.1) we have successively

F(d(Txo, Tx)d (xo, %), d(x0, Tx0), d (3, Tx,), d (2, T?x0), d(Tx, T?%)) < 0,
F(d(xq, Txy), d(xg, x),0,d(xp, Txy), d(xy, x0),0) < 0.
By (F),) we have d(xg, Tx,) < p max{d(xg, x,), d(x,, Tx,)} < p(d(xo,xn) + d(xp, Txn)).
Therefore d(xg, x,) < d(xg, Txy) + d(Txp, x,)<p(d(xq, x,) + d(xp, Txp))+ d(x,, Txy).
1+

Which implies d(xq, x,) < ﬁ d(x,, Tx,) = 0if n —» oo, This proves the theorem.
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O buna punere a problemei de punct fix in spatii metrice compacte

Rezumat

Notiunea de bund-punere a problemei de punct fix a fost studiatda cu mult interes de mai multi
matematicieni, de exemplu F. S. De Blassi i J. Myjak (in 1989), S. Reich si J. Zalavski (in 2001), B. K.
Lahiri si P. Das (in 2005). De asemenea, in 2003 V. Popa a introdus un nou tip de relatie implicitd.
Scopul lucrarii de fata este de a demonstra pentru aplicatii ce satisfac un nou tip de relatie implicita ca

problema de punct fix este bine-pusa.



