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Abstract 

The notion of well-posednes of a fixed point problem has generated much interest to a several 
mathematicians, for examples, F.S. De Blassi and J. Myjak (1989), S. Reich and A. J. Zaslavski (2001), B. 
K. Lahiri and P. Das (2005). Also, in 2003, V. Popa introduced some fixed point theorems for mappings 
satisfying a new type of implicit relation. The purpose of this paper is to prove for mappings satisfying a 
new type of implicit relation in a compact metric space, that fixed point problem is well-posed. 
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Introduction 

The notion of well posedness of a fixed point problem has generated much interest to a several 
mathematicians, for examples [2, 4, 8]. 

Definition 1. Let ሺܺ, ݀ሻ be a metric space and  ݂: ሺܺ, ݀ሻ ՜ ሺܺ, ݀ሻa mapping. The fixed point 
problem of  is said to be well posed if: 

o f has a uniquefixed point ݔ଴ in X; 
o for any sequence ሼݔ௡ሽ א ܺ : lim௡՜ஶ ݀ሺݔ௡, ௡ሻݔ݂ ൌ 0 we have lim ௡՜ஶ ݀ሺݔ௡, ଴ሻݔ ൌ 0. 

The notion of contractive mapping has been introduced by Banach in [1]. In the last thirty years 
there have appeared different types of generalizations of this concept. 

The connection between them has been studied in different papers [3, 5, 9, 12]. 

Let ሺܺ, ݀ሻ be a metric space and ܶ: ሺܺ, ݀ሻ ՜ ሺܺ, ݀ሻ be a mapping. In essence, T is a generalized 
contraction if a inequality of type 

 ݀ሺܶݔ, ሻݕܶ ൑ ݂ ቀ݀ሺݔ, ,ሻݕ dሺݔ, ,ሻݔܶ ݀ሺݕ, ,ሻݕܶ ݀൫ݔ, ,ݕܶ ݀ሺݕ,  ሻ൯ቁ (1)ݔܶ

holds for  ݔ, ݕ א ܺ, where ݂:R5՜R satisfies some properties or has a special form. In [6], the 
author established a class of mappings ݂: ା଺܀ ՜R such that fulfillment of the inequality of type 

,ݔሺ݀ሺܶܨ  ,ሻݕܶ ݀ሺݔ, ,ሻݕ ݀ሺݔ, ,ሻݔܶ ݀ሺݕ, ,ሻݕܶ ݀ሺݔ, ,ሻݕܶ ݀ሺݕ, ሻݕܶ ൑ 0 (2) 

for ݔ, ݕ א ܺ ensures the existence and uniqueness of a fixed point for T. 

Recently [7], the present author established two classes of mappings ܨ, :ܩ Rା૟ ՜  such that the  ܀
fulfillment of the inequality of type 
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,ݔሺ݀ሺܶܨ  ,ሻݕܶ ݀ሺݔ, ,ሻݕ ݀ሺݔ, ,ሻݔܶ ݀ሺݕ, ,ሻݕܶ ݀ሺݕ, ௫ܶଶሻ, ݀ሺݕ, ሻሻݔܶ ൑ 0 (3) 
or  ܩሺ݀ሺܶݔ, ,ሻݕܶ ݀ሺݔ, ,ሻݕ ݀ሺݔ, ,ሻݔܶ ݀ሺݕ, ,ሻݕܶ ݀൫ݔ, ௬ܶଶ൯, ݀ሺݔ, ሻݕܶ ൑ 0 for ݔ, ݕ א ܺ      (4) 

ensures the existence and uniqueness of a fixed point for T. 

The purpose of this paper is to introduced a new class of mappings  ܨ, :ܩ Rା૟ ՜  such that the  ܀
fulfillment of the inequality of type 

,ݔሺ݀ሺܶܨ  ,ሻݕܶ ݀ሺݔ, ,ሻݕ ݀ሺݔ, ,ሻݔܶ ݀ሺݕ, ,ሻݕܶ ݀ሺݕ, ௫ܶଶሻ, ݀ሺܶݔ, ௫ܶଶሻሻ ൑ 0 for  ݔ, ݕ א ܺ, (5) 

ensures the existence and uniqueness of a fixed point of T and to prove for mappings T 
satisfying an implicit relation of type (5) in a compact metric space that the fixed point problem 
is a well-posed. 

Implicit Relations 

Let ܨሺݐଵ, ,ଶݐ … , :଺ሻݐ ା଺܀ ՜  :be a continuous mapping. We define the following properties  ܀

(Fi): For every ݑ ൒ 0, ߥ ൐ 0, ,ݑሺܨ ,ߥ ,ݒ ,ݑ ,ݑ ሻݑ ൏ 0 i  implies  ݑ ൏   , ݒ

(Fu): ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൐ ݐ׊ ,0 ൐ 0,  
(Fp): There exists ݌ א ሺ0,1ሻ  such that for every u൒0, v൐ 0, ݓ ൒ 0 with ܨሺݑ, ,ݒ ,݋ ,ݓ ,ݒ ሻ݋ ൏ 0 
we have ݑ ൏ ,ݒሼݔܽ݉݌  .ሽݓ

Example1. ܨሺݐଵ, ,ଶݐ … , ଺ሻݐ ൌ ଵݐ െ ܽଵݐଶ െ ܽଶݐଷ െ ܽଷݐସ െ ܽସݐହ െ ܽହݐ଺, ,  

where ܽଵ ൐ 0, ܽଶ, … , ܽହ ൒ 0 and 0 ൏ ܽଵ ൅ ܽଶ ൅ ڮ ൅ ܽହ ൏ 1. 
(Fi): Let ݑ ൒ 0, ݒ ൐ 0 and ܨሺݑ, ,ݒ ,ݒ ,ݑ ,ݑ ሻݑ ൌ ݑ െ ܽଵݒ െ ܽଶݒ െ ܽଷݑ െ ܽସݑ െ ܽହݑ ൏ 0. 

Then ݑ ൏ ௔భା௔మଵିሺ௔యା௔రା௔ఱሻ ݒ ൏   .ݒ
(Fu): ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൌ ሺ1ݐ െ ܽଵ െ ܽସሻ ൐ 0, ݐ׊ ൐ 0. 
(Fp) : Let  ݑ ൒ ,݋ ݒ ൐ ,݋ ݓ ൒ ,ݑሺܨ and  ݋ ,ݒ ,݋ ,ݓ ,ݒ ሻ݋ ൌ ݑ െ ܽଵݒ െ ܽଷݓ െ ܽସݒ ൏  .݋

Then ݑ ൏ ܽଵݒ ൅ ܽଷݓ ൅ ܽସݒ ൑ ሺܽଵ ൅ ܽଷ ൅ ܽସሻ݉ܽݔሼݒ, ݑ ,ሽ.Thereforeݓ ൏ ,ݒሼݔܽ݉݌ ሽ,where 0ݓ ൏ ݌ ൌ ܽଵ ൅ ܽଷ ൅ ܽସ ൏ 1. 
Example 2. ܨሺݐଵ, ,ଶݐ … , ଺ሻݐ ൌ ଵݐ െ ݔܽ݉ܿ ቄݐଶ, ,ଷݐ ,ସݐ ௧ఱା௧లଶ ቅ, where 0 ൏ ܿ ൏ 1. 
(Fi): Let u൒ 0, v ൐ 0 and ܨሺݑ, ,ݒ ,ݒ ,ݑ ,ݑ ሻݑ ൌ ݑ െ ,ݑሼݔܽ݉ܿ ሽݒ ൏ 0 . If ݑ ൐ 0 and ݑ ൒ v then ݑሺ1 െ ܿሻ ൏ 0,  a contradiction. Hence ݑ ൏ ݑ  If .ݒ ൌ 0 then ݑ ൏  .ݒ

(Fu):  ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൌ ሺ1ݐ െ ܿሻ ൐ 0, ݐ׊ ൐ 0. 
(Fp): Let ܨሺݑ, ,ݒ ,ݓ ,ݒ 0ሻ ൌ ݑ െ ,ݒሼݔܽ݉ܿ ሽݓ ൏ 0, which implies ݑ ൏ ,ݒሼݔܽ݉݌ ሽ, where 0ݓ ൏ ݌ െ ܿ ൏ 1. 
Example 3. ܨሺݐଵᇱݐଶᇱ … , ଺ሻݐ ൌ ଵଷݐ െ ଶݐଵଶݐܽ െ ଶଶݐଵݐܾ െ ଶݐܿ ଷݐ ସݐ െ ଺ݐହଶݐ݀  where ܽ, ܾ, ܿ, ݀ ൐ 0 
and  ܽ ൅ ܾ ൅ ܿ ൅ ݀ ൏ 1.  

(Fi): Let ݑ ൐ 0, ݒ ൐and ܨሺݑ, ,ݒ ,ݒ ,ݑ ,ݑ ሻݑ ൌ ଷݑ െ ܽଶݒ െ ଶݒݑܾ െ ݑଶݒܿ െ ଷݑ݀ ൏ 0, which 
implies uଶሺ1 െ dሻ െ auv െ vଶሺb ൅ cሻ ൏ 0, then ݂ሺݐሻ ൌ ሺܾ ൅ ܿሻݐଶ ൅ ݐܽ െ ሺ1 െ ݀ሻ ൏ 0, where t ൌ ୴୳.  Since ݂ሺ1ሻ ൌ ሺܽ ൅ ܾ ൅ ܿ ൅ ݀ሻ ൅ 1 ൏ 0, let ݎ ൐ 1 be the root of equation ݂ሺݐሻ ൌ 0. 

Then ݂ሺݐሻ ൐ 0 for ݐ ൐ 0 , which implies u ൏ ଵ୰ v ൏  .ݒ
If  ݑ ൌ 0, then ݑ ൏  .ݒ
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(Fu): ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൌ ሺ1ݐ െ ܽ െ ܾሻ ൐ 0, ݐ׊ ൐ 0. 
(Fp): Let ݑ ൐ 0, ݒ ൐ 0, ݓ ൐ 0 and ܨሺݑ, ,ݒ 0, ,ݓ ,ݒ 0ሻ ൌ ଷݑ െ ݒଶݑܽ െ ଶݒݑܾ ൏ 0, which implies  ݂ሺݐሻ ൌ ଶݐܾ ൅ ݐܽ െ 1 ൐ 0, where ݐ ൌ ୴୳. Since ݂ሺ1ሻ ൌ ܽ ൅ ܾ െ 1 ൏ 0, let ݎ ൒ 1 be the root of 
equation ݂ሺݐሻ ൌ 0. Then ݂ሺݐሻ ൐ 0f for ݐ ൐ ݑ which implies ,ݎ ൑ ݒ݌ ൑ ,ݒሼݔܽ݉ ݌ ݌ ሽ, whereݓ ൌ ଵ୰ ൏ 1.  If ݑ ൌ 0 then  ݑ ൏ ݌ maxሼݒ,  .ሽݓ
Exemple 4. ܨሺݐଵ, ,ଶݐ … , ଺ሻݐ ൌ tଵଶ െ atଶଶ െ ୠ୲ఱ୲లଵା୲యା୲ర, where ܽ, ܾ ൐ 0 and ܽ ൅ ܾ ൏ 1. 
(Fi): Let ݑ ൒ ݒ,0 ൐ 0 and ܨሺݑ, ,ݒ ,ݒ ,ݑ ,ݑ ሻݑ ൌ ଶݑ െ ଶݒܽ െ ܾ ௨మଵା௨ା௩ <0. 

Then ݑଶ െ ଶݒܽ െ ଶݑܾ ൏ 0, which implies ݑ ൏ ୟଵିୠ v ൏  .ݒ

(Fu): ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൌ ଶሺ1ݐ െ ܽሻ ൐ t׊ ,0 ൐ 0. 
(Fp): Let ݑ ൒ ݒ ,0 ൐ ݓ ,0 ൒ 0 and ܨሺݑ, ,ݒ 0, ,ݓ ,ݒ 0ሻ ൌ ଶݑ െ ଶݒܽ ൏ 0, which implies ݑ ൏ √a ݒ ൑ p max ሼv, wሽ, where  ݌ ൌ √a ൏ 1.  

Example 5. ܨሺݐଵ, ,ଶݐ … , ଺ሻݐ ൌ ଵଶݐ െ ଵݐ ሺܽݐଶ ൅ ଷݐܾ ൅ ସሻݐܿ െ ହݐ݀ ଺ݐ , where ܽ ൐ 0, ܾ, ܿ, ݀ ൒ 0 
and a ൅ b ൅ c ൅ d ൏ 1. 
(Fi): Let  ݑ ൐ 0, ݒ ൐ 0 and ܨሺݑ, ,ݒ ,ݒ ,ݑ ,ݑ ሻݑ ൌ ଶݑ െ ݒሺܽݑ ൅ ݒܾ ൅ ሻݑܿ െ ଶݒ݀ ൏ 0. Then ݑ ൏ ୟାୠଵିୡିୢ ൏ ݑ If . ݒ ൌ 0, then ݑ ൏  .ݒ

(Fu): ܨሺݐ, ,ݐ 0,0, ,ݐ 0ሻ ൌ ଶሺ1ݐ െ ܽሻ ൐ 0, ݐ׊ ൐ 0. 
(Fp): Let ݑ ൐ 0, ݒ ൐ 0, ݓ ൒ 0 and ܨሺݑ, ,ݒ 0, ,ݓ ,ݒ 0ሻ ൌ ଶݑ െ ݒሺܽݑ ൅ ሻݓܿ ൏ 0. 

Then ݑ ൏ ݒܽ ൅ ݓܿ ൑ ሺܽ ൅ ܿሻ maxሼݒ, ݑ ሽ. Henceݓ ൏ ,ݒሼݔܽ݉݌ ሽ, where 0ݓ ൏ ݌ ൌ ܽ ൅ ܿ ൏ 1. 
If ݑ ൌ 0, then ݑ ൏ ,ݒሼݔܽ݉ ݌  .ሽݓ
Main Results 

Theorem 1. Let ሺܺ, ݀ሻ be a metric space and ܶ: ሺܺ, ݀ሻ ՜ ሺܺ, ݀ሻbe a mapping satisfying 
inequality (5) for every ݔ ്  satisfies the condition (Fu). Then ܶ has at most one ܨ where ,ݕ
fixed point. 

Proof. Suppose that ܶ have two fixed points, u and v with u്v. Then, by inequality (5) we have ܨ൫݀ሺܶݑ, ,ሻݒܶ ݀ሺݑ, ,ሻݒ ݀ሺݑ, ,ሻݑܶ ݀ሺݒ, ,ሻݒܶ ݀ሺݒ, ܶଶݑሻ, ݀ሺܶݑ, ܶଶݑሻ൯ ൏ ,ݑሺ݀ሺܨ ,0 ,ሻݒ ݀ሺݑ, ,ሻݒ 0,0, ݀ሺݑ, ,ሻݒ 0ሻ ൏ 0. 
A contradiction of (Fu). 

Theorem 2. Let T be a continuous mapping of the compact metric space ሺܺ, ݀ሻ into itself such 
that the inequality (5) holds for every ݔ ്  where F satisfies the condition (Fi) and (Fu). Then ,ݕ
T has a unique fixed point. 

Proof. Let ݂ሺݔሻ ൌ ݀ሺݔ, ݔ ሻ for allݔܶ א X. Since T is continuous, f is continuous. There exists a 
point ݖ א Z such that ݂ሺݖሻ ൌ inf ሼܶݔ: ݔ א X}. Suppose that ݖ ്    Then by inequality (5) for .ݖܶ
x = z and y = Tz we obtain  ܨ൫݀ሺܶݖ, ܶଶݖሻ, ݀ሺݖ, ,ሻݖܶ ݀ሺݖ, ,ሻݖܶ ݀ሺܶݖ, ܶଶݖሻ, ݀ሺܶݖ, ܶଶݖሻ, ݀ሺܶݖ, ܶଶݖሻ൯ ൏ 0, 

which implies by (Fi) that ݀ሺܶݖ, ܶଶݖሻ ൏ ݀ሺܶݖ, ሻݖ ൌ inf ሼ݀ሺݔ, :ሻݔܶ ݔ א ܺሽ, a contradiction. 
Hence z = Tz. By Theorem 1, z is the unique fixed point of T. 
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Remark 1. From examples 1-5 we obtain five fixed point theorems. 

Theorem 3. Let T be a continuous mapping of the compact metric space ሺܺ, ݀ሻ  into itself such 
that the inequality (5) holds for every ݔ ്  .where T satisfies the properties (Fi), (Fu)  and (Fp) ,ݕ
Then the fixed point problem of T is well-posed. 

Proof. By Theorem 2, T has a unique fixed point xo, i.e. xo = Txo. Let {xn} be a sequence in X 
such that d(xn, Txn)՜ 0 as n՜ ∞. Then by inequality (3.1) we have successively ܨ൫݀ሺܶݔ଴, ,଴ݔ௡ሻ݀ሺݔܶ ,௡ሻݔ ݀ሺݔ଴, ,଴ሻݔܶ ݀ሺݔ௡, ,௡ሻݔܶ ݀ሺݔ௡, ܶଶݔ଴ሻ, ݀ሺܶݔ଴, ܶଶݔ଴ሻ൯ ൏ ,଴ݔሺ݀ሺܨ ,0 ,௡ሻݔܶ ݀ሺݔ଴, ,௡ሻݔ 0, ݀ሺݔ௡, ,௡ሻݔܶ ݀ሺݔ௡, ,଴ሻݔ 0ሻ ൏ 0. 
By (Fp) we have ݀ሺݔ଴, ௡ሻݔܶ ൏ ݌ maxሼ݀ሺݔ଴, ,௡ሻݔ ݀ሺݔ௡, ௡ሻሽݔܶ ൑ ,଴ݔ൫݀ሺ݌ ௡ሻݔ ൅ ݀ሺݔ௡,  .௡ሻ൯ݔܶ
Therefore ݀ሺݔ଴, ௡ሻݔ ൑ ݀ሺݔ଴, ௡ሻݔܶ ൅ ݀ሺܶݔ௡, ,଴ݔ௡ሻ<p(݀ሺݔ ௡ሻݔ ൅ ݀ሺݔ௡, ,௡ݔ௡ሻ)+ ݀ሺݔܶ  .௡ሻݔܶ

Which implies ݀ሺݔ଴, ௡ሻݔ ൏ ଵା୮ଵି୮ ݀ሺݔ௡, ௡ሻݔܶ ՜ 0 if ݊ ՜ ∞. This proves the theorem. 
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O bună punere a problemei de punct fix în spaţii metrice compacte 

Rezumat 

Noţiunea de bună-punere a problemei de punct fix a fost studiată cu mult interes de mai mulţi 
matematicieni, de exemplu F. S. De Blassi şi J. Myjak (în 1989), S. Reich şi J. Zalavski (în 2001), B. K. 
Lahiri şi P. Das (în 2005). De asemenea, în 2003 V. Popa a introdus un nou tip de relaţie implicită. 
Scopul lucrării de faţă este de a demonstra pentru aplicaţii ce satisfac un nou tip de relaţie implicită că 
problema de punct fix este bine-pusă. 


